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Last Lecture

Character animation 

• Rigging, posing, keyframes, keyframe interpolation 

• Motion capture 

• Labor intensive 
Today  

• Simulation of scene dynamics 

• Augment character animation 

• Complex motion behaviors from simple physical 
models Narain, Samii, O’Brien

Lailler



Example: Cloth Simulation



Example: Fluids

Macklin and Müller, Position Based Fluids 



Particle Simulation



Ren Ng, Spring 2016CS184/284A, Lecture 23

Single Particle Simulation

Here study motion of a 
single particle 

• Later, generalize to a 
multitude of particles 

To start, assume motion of 
particle determined by a 
velocity vector field that is 
a function of position and 
time:  
In example v and x are 2D

v(x, t)

Witkin and Baraff
Vector Field

forms a vector

field.

x = f (x,t)

The derivative

function

Initial Value Problem

Start Here

Follow the vectors…

Figure 1: The derivative function f (x, t). defines a vector field.

Figure 2: An initial value problem. Starting from a point x0, move with the velocity specified by

the vector field.
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Velocity vector field 
indicated by arrows

Path traveled by 
particle in velocity field
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Vector Field

forms a vector

field.

x = f (x,t)

The derivative

function

Initial Value Problem

Start Here

Follow the vectors…

Figure 1: The derivative function f (x, t). defines a vector field.

Figure 2: An initial value problem. Starting from a point x0, move with the velocity specified by

the vector field.

SIGGRAPH ’97 COURSE NOTES B2 PHYSICALLY BASEDMODELING

Ordinary Differential Equation (ODE)

Computing position of particle 
over time requires solving a 
first-order ordinary differential 
equation:  
 
 

“First-order” refers to the first 
derivative being taken. 
“Ordinary” refers to 
derivatives of time, but not 
derivates of space (which are 
“partial” differential equations)

Witkin and Baraff

dx

dt

= ẋ = v(x, t)
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Solving for Particle Position

We can solve the ODE, 
subject to a given initial 
particle position x0, by 
using forward numerical 
integration 

Witkin and Baraff

Starting 
position x0
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Euler's Method

x(t + Δt) = x(t) + Δt f(x,t)

• Simplest numerical 
solution method

• Discrete time steps

• Bigger steps, bigger 
errors.

Figure 3: Euler’s method: instead of the true integral curve, the approximate solution follows a

polygonal path, obtained by evaluating the derivative at the beginning of each leg. Here we show

how the accuracy of the solution degrades as the size of the time step increases.

In contrast, we will be concerned exclusively with numerical solutions, in which we take dis-

crete time steps starting with the initial value x(t0). To take a step, we use the derivative function

f to calculate an approximate change in x, !x, over a time interval !t , then increment x by !x to

obtain the new value. In calculating a numerical solution, the derivative function f is regarded as

a black box: we provide numerical values for x and t , receiving in return a numerical value for ẋ.

Numerical methods operate by performing one or more of these derivative evaluations at each time

step.

2.1 Euler’s Method

The simplest numerical method is called Euler’s method. Let our initial value for x be denoted by

x0 = x(t0) and our estimate of x at a later time t0 + h by x(t0 + h), where h is a stepsize parameter.

Euler’s method simply computes x(t0 + h) by taking a step in the derivative direction,

x(t0 + h) = x0 + hẋ(t0).

You can use the mental picture of a 2D vector field to visualize Euler’s method. Instead of the

real integral curve, p follows a polygonal path, each leg of which is determined by evaluating the

vector f at the beginning, and scaling by h. See figure 3.

Though simple, Euler’s method is not accurate. Consider the case of a 2D function f whose

integral curves are concentric circles. A point p governed by f is supposed to orbit forever on

whichever circle it started on. Instead, with each Euler step, p will move on a straight line to a circle

of larger radius, so that its path will follow an outward spiral. Shrinking the stepsize will slow the

rate of this outward drift, but never eliminate it.
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Solving for Particle Position

Forward Euler (explicit) 
 
 
Iteratively apply this 
formula to compute 
trajectory x(t) of particle 

Witkin and Baraff

Solution path
Euler estimate with small time step

Euler estimate with large time step

x(t+�t) = x(t) +�t · v(x(t), t)
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Two Problems

Inaccuracy:
Error turns x(t) from a
circle into the spiral of
your choice.

Instability: off to
Neptune!

Figure 4: Above: the real integral curves form concentric circles, but Euler’s method always spirals

outward, because each step on the current circle’s tangent leads to a circle of larger radius. Shrinking

the stepsize doesn’t cure the problem, but only reduces the rate at which the error accumulates.

Below: too large a stepsize can make Euler’s method diverge.

Moreover, Euler’s method can be unstable. Consider a 1D function f = −kx , which should
make the point p decay exponentially to zero. For sufficiently small step sizes we get reasonable

behavior, but when h > 1/k, we have |!x | > |x |, so the solution oscillates about zero. Beyond
h = 2/k, the oscillation diverges, and the system blows up. See figure 4.

Finally, Euler’s method isn’t even efficient. Most numerical solution methods spend nearly all

their time performing derivative evaluations, so the computational cost per step is determined by

the number of evaluations per step. Though Euler’s method only requires one evaluation per step,

the real efficiency of a method depends on the size of the steps it lets you take—while preserving

accuracy and stability—as well as on the cost per step. More sophisticated methods, even some re-

quiring as many as four or five evaluations per step, can greatly outperform Euler’s method because

their higher cost per step is more than offset by the larger stepsizes they allow.

To understand how we go about improving on Euler’s method, we need to look more closely at

the error that the method produces. The key to understanding what’s going on is the Taylor series:

Assuming x(t) is smooth, we can express its value at the end of the step as an infinite sum involving

the the value and derivatives at the beginning:

x(t0 + h) = x(t0) + hẋ(t0) + h2

2!
ẍ(t0) + h3

3!
x˙̇ ˙(t0) + . . . + hn

n!

∂nx

∂tn
+ . . .

As you can see, we get the Euler update formula by truncating the series, discarding all but the

first two terms on the right hand side. This means that Euler’s method would be correct only if

all derivatives beyond the first were zero, i.e. if x(t) were linear. The error term, the difference
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2!
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Solving for Particle Position

Forward Euler (explicit) 
 
 
 
Two key problems: 

• Inaccuracies increase as 
time step Δt increases 

• Instability is a common, 
serious problem that 
can cause simulation to 
diverge

W
itkin and Baraff

x(t+�t) = x(t) +�t · v(x(t), t)
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The Midpoint Method

a

b

c

a. Compute an Euler step

b.Evaluate f at the midpoint

c. Take a step using the 
midpoint value

Δx = Δt f(x,t)

fmid = ( )f x + Δx
2

, t + Δt
2

 

x(t + Δt) = x(t) + Δt fmid 

Figure 5: The midpoint method is a 2nd-order solution method. a) an euler step is computed, b) the

derivative is evaluated again at the step’s midpoint, and the second evaluation is used to calculate

the step. The integral curve—the actual solution—is shown as c.

midpoint method is correct to within O(h3), but requires two evaluations of f . See figure 5 for a

pictorial view of the method.

We don’t have to stop with an error of O(h3). By evaluating f a few more times, we can

eliminate higher and higher orders of derivatives. The most popular procedure for doing this is a

method called Runge-Kutta of order 4 and has an error per step of O(h5). (The Midpoint method

could be called Runge-Kutta of order 2.) We won’t derive the fourth order Runge-Kutta method,

but the formula for computing x(t0 + h) is listed below:

k1 = h f (x0, t0)

k2 = h f (x0 + k1

2
, t0 + h

2
)

k3 = h f (x0 + k2

2
, t0 + h

2
)

k4 = h f (x0 + k3, t0 + h)

x(t0 + h) = x0 + 1

6
k1 + 1

3
k2 + 1

3
k3 + 1

6
k4.

3 Adaptive Stepsizes

Whatever the underlying method, a major problem lies in determing a good stepsize. Ideally, we

want to choose h as large as possible—but not so large as to give us an unreasonable amount of

error, or worse still, to induce instability. If we choose a fixed stepsize, we can only proceed as

fast as the “worst” sections of x(t) will allow. What we would like to do is to vary h as we march
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Solving for Particle Position

Midpoint method 

• Compute Euler step (a) 

• Compute derivative at midpoint 
of Euler step (b) 

• Update position using midpoint 
derivative (c) 

Witkin and Baraff

xmid = x(t) +�t/2 · v(x(t), t)
x(t+�t) = x(t) +�t · v(xmid, t)



Solving for Particle Position

Adaptive step size 

• Technique for choosing step size 
based on error estimate 

• Highly recommended technique 

• But may need very small steps! 

Repeat until error is below threshold: 

• Compute xT an Euler step, size T 

• Compute xT/2 two Euler steps, size T/2 

• Compute error || xT  – xT/2 || 

• If (error > threshold) reduce step size 
and try again

Slide credit: Funkhouser

xT

xT/2
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Solving for Particle Position

Implicit Euler (“backwards”) method 

• Explicit (forward) Euler uses derivative at the start of the step 

• Implicit (“backward”) Euler uses derivative at the end of step  

• Requires solving for derivative, nontrivial because the velocity field is 
non-linear 

• Unconditionally stable, but may still exhibit large inaccuracies 

• Enables very large steps to be taken without divergence 

Many other methods 

• Runge Kutta 

• Semi-implicit 

• …

x(t+�t) = x(t) +�t · v(x(t+�t), t)



Particle Systems
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Particle Systems

Generalize over single particle 
example previously shown: 

• Generalize single particle into 
set of particles 

• Generalize velocity field v(x,t) 
into vector field of forces 
f(x,v,t) 
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Particle Systems

Model dynamical systems as collections of 
large numbers of particles 

Each particle’s motion is defined by a set of 
physical (or non-physical) forces 

Popular technique in graphics and games 

• Easy to understand, implement 

• Scalable: fewer for speed, more for 
higher complexity 

Challenges 

• May need many particles (e.g. fluids) 

• May need acceleration structures (e.g. 
to find nearest particles for interactions)
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Particle System Animations

For each frame in animation 

• [If needed] Create new particles  

• Calculate forces on each particle 

• Update each particle’s position 
and velocity 

• [If needed] Remove dead particles 

• Render particles
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Generalized Coordinates

Often consider a system with many 
components (e.g. set of particles) 

Example: set of billiard balls, positions xi 

Convenient to represent entire system 
with a single configuration vector, e.g.  
 
 
 
 
 

Can think of system as single “particle” 
traveling along a trajectory in Rn
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Generalized Velocities

Generalized system velocity can be 
thought of as a corresponding multi-
dimensional vector  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Phase Space

Can write full configuration of 
system as “phase space” =  
 
 
Example: phase space for n 
particles in 3D has 6n coordinates 
 

(q, q̇)



Ren Ng, Spring 2016CS184/284A, Lecture 23

Newton’s Law

For idealized mass at a point: 
 
 

Force Mass Acceleration
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Phase Space Formulation of Equations of Motion

Forces on the system can be 
expressed as a function of time, 
position and velocity of each 
particle: 
 
 
Then the equations of motion can 
be expressed in phase space as:

d

dt
(q, q̇) = (q̇, q̈) =

✓
q̇,

f(q, q̇, t)

m

◆

F = f(q, q̇, t)

=) a = q̈ =
F

m
=

f(q, q̇, t)

m



Solving the Equations of Motion



Solving the Equations of Motion

Forward Euler integration

x(t+�t) = x(t) +�t · v(t)
v(t+�t) = v(t) +�t · f(x, v, t)/m

Slide credit: Hodgins, Funkhouser



Solving the Equations of Motion

Midpoint method (2nd-order Runge-Kutta)

Slide credit: Hodgins, Funkhouser

xmid = x(t) +�t/2 · v(t)
vmid = v(t) +�t/2 · f(x, v, t)/m

x(t+�t) = x(t) +�t · vmid

v(t+�t) = v(t) +�t · f(xmid, vmid, t)/m
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Particle System Forces

Attraction and repulsion forces 

• Gravity, electromagnetism, … 

• Springs, propulsion, … 
Damping forces 

• Friction, air drag, viscosity, … 
Collisions 

• Walls, containers, fixed objects, … 

• Dynamic objects, character body parts, …
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Simple Gravity

Gravity at earth’s surface due to earth 

• F = –mg 

• m is mass of object 

• g is gravitational acceleration,  
g = –9.8m/s2 

Fg = �mg

g = (0, 0,�9.8)m/s2
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Springs

Hooke’s Law 
 
 
 
 
 

Damped force model for spring:

Fs(L) = ks|L� L0|
L = current length of spring

L0 = rest length of spring

ks = sti↵ness of spring

Fs(L) = ks|L� L0|� kd|v|
v = velocity of spring endpoint

kd = damping coe�cient
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Mass-Spring Systems

Connect up systems of 
many masses and springs 

• Common model in 
graphics, e.g. rope, 
cloth, hair 

• Easy to understand 
and work with



Example: Mass Spring Rope

Credit: Elizabeth Labelle, https://youtu.be/Co8enp8CH34

https://youtu.be/Co8enp8CH34


Example: Hair



Example: Mass Spring Mesh



Huamin Wang, Ravi Ramamoorthi, and James F. O'Brien. "Data-Driven Elastic Models for Cloth: Modeling and 
Measurement". ACM Transactions on Graphics, 30(4):71:1–11, July 2011. Proceedings of ACM SIGGRAPH 2011, 
Vancouver, BC Canada.



Example: Mass Spring + Character
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Gravitational Attraction

Newton’s universal law of gravitation 

• Gravitational pull between particles 

Fg = G
m1m2

d2

G = 6.67428⇥ 10�11 Nm2kg�2

d

m1 m2
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Example: Galaxy Simulation

Disk galaxy simulation, NASA Goddard



Example: Granular Materials

Bell et al, “Particle-Based Simulation of Granular Materials”



Example: Particle-Based Fluids

Macklin and Müller, Position Based Fluids 



Example: Flocking Birds



Simulated Flocking as an ODE

Model each bird as a particle 

Subject to very simple forces: 

• attraction to center of neighbors 

• repulsion from individual neighbors 

• alignment toward average trajectory of neighbors 

Simulate evolution of large particle system numerically 

Emergent complex behavior (also seen in fish, bees, ...)

attraction repulsion alignment

Credit: Craig Reynolds (see http://www.red3d.com/cwr/boids/) Slide credit: Keenan Crane

http://www.red3d.com/cwr/boids/


Example: Crowds

Where are the bottlenecks in a building plan?



Suggested Reading

Physically Based Modeling: Principles and Practice   

• Andy Witkin and David Baraff 
• http://www-2.cs.cmu.edu/~baraff/sigcourse/index.html  

Numerical Recipes in C++ 

• Chapter 16 
Any good text on integrating ODE’s

http://www-2.cs.cmu.edu/~baraff/sigcourse/index.html
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Just Scratching the Surface…

Physical simulation is a huge field in graphics, 
engineering, science 
Today: intro to particle systems, solving ODEs 
Partial differential equations 

• Diffusion equation, heat equation, … 

• Used in graphics for liquids, smoke, fire, etc. 
Rigid body  
Simulation of sound 
…



Ren Ng, Spring 2016CS184/284A, Lecture 23

Things to Remember

Physical simulation = mathematical modeling of 
dynamical systems & solution by numerical integration 
Particle systems 

• Flexible force modeling, e.g. spring-mass sytems, 
gravitational attraction, fluids, flocking behavior 

• Newtonian equations of motion = ODEs 

• Solution by numerical integration of ODEs: explicit 
Euler, midpoint, adaptive, …
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